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Abstract
We consider orientifold ﬁeld theories (i.e. SU(N) Yang–Mills the-
ories with fermions in the two-index symmetric or antisymmetric rep-
resentations) on R3 × S1 where the compact dimension can be either
temporal or spatial. These theories are planar equivalent to supersym-
metric Yang–Mills. The latter has ZN center symmetry. The famous
Polyakov criterion establishing conﬁnement-deconﬁnement phase tran-
sition as that from ZN symmetric to ZN broken phase applies. At the
Lagrangian level the orientifold theories have at most a Z2 center. We
discuss how the full ZN center symmetry dynamically emerges in the
orientifold theories in the limit N → ∞. In the conﬁning phase the
manifestation of this enhancement is the existence of stable k-strings in
the large-N limit of the orientifold theories. These strings are identical
to those of supersymmetric Yang–Mills theories. We argue that critical
temperatures (and other features) of the conﬁnement-deconﬁnement
phase transition are the same in the orientifold daughters and their
supersymmetric parent up to 1/N corrections. We also discuss the
Abelian and non-Abelian conﬁning regimes of four-dimensional QCD-
like theories.
December 20071 Introduction
In this paper we consider dynamical aspects of four-dimensional orientifold
ﬁeld theories compactiﬁed on R3 × S1. The compactiﬁed dimension S1 is
either temporal or spatial. Whether we deal with thermal or spatial formu-
lation of the problem depends on the spin connection of fermions along the
compact direction. In the latter case we arrive at a zero temperature ﬁeld
theory where phase transitions (if any) are induced quantum-mechanically.
In either case, if the radius of S1 is suﬃciently large we return to four-
dimensional theory, R3 × S1 → R4.
By orientifold ﬁeld theories we mean SU(N) Yang–Mills theories with
Dirac fermions in two-index representations of SU(N) – symmetric or anti-
symmetric.1 Our starting point is the large-N equivalence between these
theories and N = 1 super-Yang–Mills (SYM) theory [1, 2, 3, 4, 5]. Since
supersymmetric gauge theories are better understood than nonsupersymmet-
ric, we hope to learn more about nonsupersymmetric daughters from planar
equivalence. This expectation comes true: the center symmetry of SYM the-
ory turns out to be an emergent symmetry of the orientifold daughters in
the large-N limit. This fact was ﬁrst noted in [6] while the ﬁrst mention
of the problem of center symmetry on both sides of planar equivalence can
be found in [7]. Here we investigate the reasons that lead to the emergence
of the center symmetry and its implications, as they manifest themselves at
small and large values of the S1 radius.
For SU(3) the orienti-AS theory reduces to one-ﬂavor QCD. If the large-N
limit is applicable to N = 3, at least semi-quantitatively, we can copy SYM
theory data to strongly coupled one-ﬂavor QCD. A concrete example is the
temperature independence observed in [8]. It was shown that certain observ-
ables of SYM theory are temperature-independent at large N and so is the
charge-conjugation-even subset of these observables in the large-N orientifold
ﬁeld theory. It implies a very weak (suppressed by 1/N) temperature depen-
dence of certain well-deﬁned observables in the conﬁning phase of QCD. This
analytical result is supported by lattice simulations [9, 10, 11]. For a recent
review, see [12]. The planar equivalence between SYM theory and oreinti-AS
is valid in any phase which does not break the charge conjugation symmetry
(C invariance). This implies coinciding Polyakov loop expectation values in
1They will be referred to as orienti-S and orienti-AS, respectively.
1the low-temperature conﬁned and high-temperature deconﬁned phases and
the equality of the the conﬁnement-deconﬁnement transition temperature in
orienti and SYM theories in the large N limit. Other features of the phase
transition are predicted to coincide too.
In the spatial compactiﬁcation of SYM theory, the center symmetry is
unbroken at any radius. For orienti-AS, it is dynamically broken, along with
C and CPT, at small radii, and restored at a critical radius of the order
of Λ−1. These zero-temperature, quantum phase transitions are observed in
recent lattice simulations by two independent groups [13, 14]. The unbroken
center symmetry in the small S1 regime of the vector-like gauge theories,
unlike the dynamically broken center symmetry, leads to Higgsing of the
theory. The long-distance dynamics of such QCD-like theories are intimately
connected to the Polyakov model [15]. We discuss both the strong coupling
and weak coupling conﬁnement regimes. At weak coupling we get Polyakov
(Abelian) conﬁnement which is analytically tractable. The region of validity
of the Abelian conﬁnement in QCD-like theories is a vanishingly small win-
dow which diminishes with increasing N. The fact that the Abelian conﬁne-
ment regime is vanishingly small is a consequence of volume independence.
We discuss this issue in some detail.
Summarizing, our ﬁndings are:
Orientifold ﬁeld theories on R3 × S1 exhibit a number of a priori un-
expected features. These theories are planar equivalent to supersymmetric
Yang–Mills. The latter has ZN center symmetry. The famous Polyakov cri-
terion establishing conﬁnement-deconﬁnement phase transition as that from
ZN symmetric to ZN broken phase applies. At the Lagrangian level the ori-
entifold theories have at most a Z2 center. The full ZN center symmetry
dynamically emerges in the orientifold theories in the limit N → ∞. In
the conﬁning phase the manifestation of this enhancement is the existence
of stable k-strings in the large-N limit of the orientifold theories. These
strings are identical to those of supersymmetric Yang–Mills theories. The
critical temperatures of the conﬁnement-deconﬁnement phase transitions are
the same in the orientifold daughters and their supersymmetric parent up to
1/N corrections. Depending on the size of S1 one can identify the Abelian
and non-Abelian conﬁning regimes of four-dimensional QCD-like theories.
The organization of the paper is as follows. In Sect. 2 we outline basic
facts on planar equivalence, deﬁne the Polyakov line, and spatial Wilson lines.
2Section 3 is devoted to the center symmetry in SYM theory, QCD with
fundamental fermions and orienti-S/AS. It gives an alternative derivation
of the approximate, exact and emergent center symmetries. In Sect. 4 we
discuss the strong-coupling manifestation of the emergent center symmetry:
existence and stability of k-strings. In Sect. 5 we discuss strong vs. weak
coupling regimes. Section 6 is devoted to Polyakov’s mechanism of Abelian
conﬁnement. In particular, we address the issue how it can be generalized
to theories with adjoint and two-index fermions. We confront the thermal
conﬁnement-deconﬁnement phase transitions in SYM and orienti theories in
Sect. 7. Here we prove the equality of the critical temperatures at N →
∞. Finally, Sect. 8 brieﬂy summarizes our results. One-loop potentials are
derived in Appendix.
2 Planar equivalence and Polyakov line
Planar equivalence is equivalence in the large-N limit of distinct QCD-like
theories in their common sectors. Most attention received equivalence be-
tween SUSY gluodynamics and its orientifold and Z2 orbifold daughters.
The Lagrangian of the parent supersymmetric theory is
L = −
1
4g2
P
G
a
µνG
a
µν +
i
g2
P
λ
aαDα ˙ β¯ λ
a ˙ β (1)
where λaα is the gluino (Weyl) ﬁeld in the adjoint representation of SU(N),
and g2
P stands for the coupling constant in the parent theory. The orientifold
daughter is obtained by replacing λaα by the Dirac spinor in the two-index
(symmetric or antisymmetric) representation (to be referred to as orienti-S
or orienti-AS). The gauge coupling stays intact. To obtain the Z2 orbifold
daughter we must pass to the gauge group SU(N/2)×SU(N/2), replace λaα
by a bifundamental Dirac spinor, and rescale the gauge coupling, g2
D = 2g2
P
[16, 17, 18, 19, 20]. We will focus on orienti-AS. Consideration of orienti-S
runs in parallel, with the same conclusions.
Planar equivalence between the parent and daughter theories can be ap-
plied in arbitrary geometry, in particular, on S1 × R3, S1 × S3 and R4. The
equivalence implies that correlation functions of the daughter theory are
equal to the correlation functions of the parent theory at N → ∞. Hence,
3in those cases where the underlying “microscopic” symmetries of the planar-
equivalent partners do not coincide, the theory with a lower microscopic
symmetry will reﬂect the symmetries of the parent theory, which are naively
absent in the daughter (or vice versa) [4]. The most profound eﬀect of such
a symmetry mismatch — and enhancement — occurs when one dimension
is compactiﬁed onto a circle, and the symmetry under consideration is the
center symmetry. The corresponding order parameter is the Polyakov line
which we deﬁne below.
Assume that one dimension is compactiﬁed (it may be either time or a
spatial dimension). For deﬁniteness, we will assume z to be compactiﬁed.
The Polyakov line (sometimes called the Polyakov loop) is deﬁned as a path-
ordered holonomy of the Wilson line in the compactiﬁed dimension,
U = P exp
￿
i
Z L
0
azdz
￿
≡ V UV
† (2)
where L is the size of the compact dimension while V is a matrix diagonalising
U. Moreover,
U = diag{v1,v2,...,vN} ≡ e
iaL , (3)
where
a =
X
Cartan gen
acT
c ≡ diag{a1,a2,...,aN},
N X
k=1
ak = 0. (4)
It is obvious that
ai = −ilnvi mod 2π . (5)
The planar equivalence implies deﬁnite relations among the expectation val-
ues of the Polyakov loops in SU(N) SYM and orienti theories — two gauge
theories with distinct center symmetries at the Lagrangian level. In the next
section, we will discuss the vacuum structure of these theories from the center
symmetry viewpoint.
43 Center symmetry (exact and approximate)
In SYM theory all dynamical ﬁelds — gluons and gluinos — are in the adjoint
representation of SU(N). This means that the gauge group is
G = SU(N)/ZN (6)
rather than SU(N). This fact manifests itself as a ZN symmetry on the
elementary cell of {a1,a2,...,aN}. Under SU(N) transformations from ZN
U −→ e
2πik
N U , k = 0,1,...,N − 1. (7)
The ZN symmetry, usually referred to as the center symmetry, may or may
not be spontaneously broken. There is a famous Polyakov criterion regarding
conﬁnement/deconﬁnement transition in SU(N) Yang–Mills theories. If one
considers the Polyakov line along the compactiﬁed direction, and its expec-
tation value  TrU  does not vanish, the center symmetry is broken implying
deconﬁnement. On the other hand, if  TrU  = 0 the center symmetry is
unbroken implying conﬁnement.2
Introducing fundamental dynamical fermions removes the center symme-
try (see Ref. [21]). However, one can still make sense out of the center sym-
metry as an approximate symmetry. The simplest way to study the impact
of the fundamental fermions is to integrate them out implying the following
(formal) result:
logdet
￿
iγµD
F
µ − m
￿
=
X
n∈Z
X
Cn
α(Cn)TrU(Cn) (8)
where the superscript F stands for fundamental, α(Cn) are coeﬃcients scaling
with N as O(N0). The integer n is the winding number of the loop C along
the S1 circle which is valued in the ﬁrst homotopy group of S1,
π1(S1) ∼ Z .
2In QCD-like theories with fermions, the boundary conditions on fermions — antiperi-
odic vs. periodic — (to be denoted as S∓) determine interpretation of the center symmetry.
If the fermions obey S−, the partition function has a thermal interpretation; a change in
the (temporal) center symmetry realization must be interpreted in terms of the jump in
the free energy of the system. If the fermions obey S+, then the partition function is
of the twisted type, Tr(−1)Fe−βH, and realization of the spatial center symmetry has
interpretation in terms of the jump in the vacuum energy.
5A small mass m is inserted as an infrared regulator. Note that log of the
determinant in (8), the fermionic contribution to the action expressed in
terms of the gluonic observables, scales as N1.
The n = 0 sector has net winding number zero. Hence, the corresponding
term in (8) is neutral under the center symmetry transformations. However,
for instance, the n = 1 sector operators are Polyakov loops charged under
the center group transformations. Thus, the fermion contribution (8) to the
action is explicitly non-invariant with respect to the center symmetry.
A typical term in the sum from the winding class n transforms as
TrU(Cn) → h
n TrU(Cn) (9)
where h ∈ ZN. Despite this fact, the center symmetry is an approximate
symmetry, since the contribution of the fundamental fermions (8) is sup-
pressed as 1/N relative to the pure glue sector whose action sales as N2. At
N = ∞, the fundamental fermions are completely quenched and the center
symmetry becomes exact. The connected correlators or expectation values
of the gluonic observables — including the Polyakov loop correlators — are
the same as in pure Yang–Mills theory.3
For orienti-AS the dynamical AS fermions are not suppressed in the large-
N limit. The above rationale applicable to fundamental fermions no longer
holds. However, planar equivalence will lead us to the same conclusion —
emergence of an approximate center symmetry at large N.
The Lagrangian of the orientifold theories has the form
L = −
1
4g2 G
a
µνG
a
µν +
i
g2 ψ
α
ijDα ˙ β ¯ ψ
˙ β ij (10)
where ψij is the Dirac spinor in the two-index antisymmetric or symmetric
representation. Obviously, there is no ZN symmetry at the Lagrangian level.
The center symmetry is Z2 for even N and none for odd N. Indeed, the
two-index fermion ﬁeld, unlike that of gluino, does not stay intact under
the action of center elements. The action of a center group element on an
adjoint fermion is trivial, λ → hλh† = λ. The action on an AS fermion is
3The above suppression is analogous to the isotopic symmetry in QCD. Since the two
lightest ﬂavors are very light compared to the strong scale, mu,d/Λ ≪ 1, QCD possesses
an approximate SU(2) invariance despite the fact that the up and down quark masses
diﬀer signiﬁcantly. The appropriate parameter mu,d/Λ plays the same role as 1/N.
6ψ → hψh = h2ψ. Thus, for N even (odd), h = ±1 (h = +1) are the center
group elements which leave the AS fermion invariant, in accordance with at
most a Z2 center symmetry for orienti-AS theory.
As was mentioned, the antisymmetric fermions are not suppressed in the
large N limit. Integrating out the two-index antisymmetric fermion yields
logdet
￿
iγµD
AS
µ − m
￿
= N
2 X
n∈Z
X
Cn
α(Cn)
2
(￿
Tr
N
U(Cn)
￿2
−
1
N
Tr
N
U
2(Cn)
)
. (11)
In the large-N limit we can ignore the single-trace terms since they are sup-
pressed by 1/N compared to the O(N2) double-trace term. The single-trace
term contribution scales as that of the fundamental fermions, and is quenched
in the same fashion.
A typical double-trace term (TrU(Cn))2 is O(N2) and is a part of the
leading large-N dynamics. Thus, the impact of the two-index antisymmetric
fermions on dynamics is as important as that of the glue sector of the the-
ory. The double-trace term is explicitly non-invariant under the ZN center
transformations.
We see that in orientifold theories the center symmetry implementation
is much less trivial than in theories with fundamental quarks. As was argued
in [6], the center symmetry emerges dynamically in the planar limit N → ∞.
Here we will carry out a thorough consideration and present independent
albeit related arguments.
The action of the pure glue sector is local and manifestly invariant under
the ZN center. Integrating out fermions, induces a nonlocal sum (11) over
gluonic observables. This sum includes both topologically trivial loops with
no net winding around the compact direction (the n = 0 term) and nontrivial
loops with non-vanishing winding numbers. The topologically trivial loops
are singlet under the ZN center symmetry by construction, while the loops
with non-vanishing windings are non-invariant.
Let us inspect the N dependence more carefully. If we expand the fermion
action in the given gluon background we get
*
exp
(
−N
2 X
n =0
X
Cn
α(Cn)
2
￿
Tr
N
U(Cn)
￿2)+
, (12)
7where  ...  means averaging with the exponent combining the gluon La-
grangian with the zero winding number term. This weight function is ob-
viously center-symmetric. If h is an element of the SU(N) center, a typical
term in the sum (12) transforms as
￿
Tr
N
U(Cn)
Tr
N
U(Cn)
￿
−→ h
2n
￿
Tr
N
U(Cn)
Tr
N
U(Cn)
￿
= h
2n
￿￿
Tr
N
U(Cn)
￿￿
Tr
N
U(Cn)
￿
+
￿
Tr
N
U(Cn)
Tr
N
U(Cn)
￿
con
￿
,
(13)
where we picked up a quadratic term as an example. The connected term in
the expression above is suppressed relative to the leading factorized part by
1/N2, as follows from the standard N counting, and can be neglected at large
N. As for the factorized part, planar equivalence implies that all expectation
values of multi-winding Polyakov loops are suppressed in the large N limit
by 1/N,
￿
1
N
TrU(Cn)
￿SYM
= 0,
￿
Tr
N
U(Cn)
￿AS
= O
￿
1
N
￿
→ 0, n ∈ Z − {0}, (14)
where the ﬁrst relation follows from unbroken center symmetry in the SYM
theory and the latter is a result of planar equivalence (in the C-unbroken,
conﬁning phase of orienti-AS).
Consequently, the non-invariance of the expectation value of the action
under a global center transformation is
 δS  =  S(h
nTrU(Cn)) − S(TrU(Cn))  = O
￿
1
N
￿
 S , (15)
which implies, in turn, dynamical emergence of center symmetry in orientifold
theories in the large-N limit. Let us emphasize again that the fermion part of
the Lagrangian which explicitly breaks the ZN symmetry is not sub-leading
in large N. However, the eﬀect of the ZN breaking on physical observables
is suppressed at N → ∞.
8This remarkable phenomenon is a natural (and straightforward) conse-
quence of the large-N equivalence between N = 1 SYM theory and orienti-
AS. Despite the fact that the center symmetry in the orienti-AS Lagrangian
is at most Z2, in the N = ∞ limit all observables behave as if they are under
the protection of the ZN center symmetry. (This point is also emphasized
in [23].) We will refer to this emergent symmetry of the orienti-AS vacuum
as the custodial symmetry. The custodial symmetry becomes exact in the
N = ∞ limit, and is approximate at large N.
The immediate implication of this discussion is as follows: when we inte-
grate out fermions in the N = ∞ limit, the dynamical pattern in orienti-AS/S
in the conﬁned phase simpliﬁes. The sum over all homotopy classes in (11)
reduces to a single term — the one over the loops with the vanishing winding
number,
P
n∈Z α(Cn) → α(C0). Thus,
logdet
￿
iγµD
AS
µ − m
￿
∼ N
2 X
C0
α(C0)
2
￿
Tr
N
U(C0)
￿2
. (16)
Consequently, the action and other observables of the N = ∞ orienti-AS/S
are indistinguishable from the “reduced” theory with action
S
reduced = S
YM +
X
C0
α(C0)
2
￿
Tr
N
U(C0)
￿2
(17)
Clearly, the ZN center is a manifest symmetry of the reduced theory. Our
derivation also provides a direct derivation of the temperature independence
[8] of the orienti-AS theory in the conﬁning low-temperature phase. See also
Sect. 7.
The ZN-symmetric vacuum structure at low temperatures, in the C un-
broken phase, can also be phrased in terms of the eigenvalue distribution
of the Polyakov loop. We want to argue that the vacuum of the orienti-AS
theory is invariant under the custodial ZN center symmetry (which is the
symmetry of the supersymmetric parent). Let ρ(θ) denote the distribution
of the eigenvalues of the Polyakov loop in orienti-AS in the conﬁned phase.
Let us decompose ρ(θ) into its Fourier modes,
ρ(θ) =
1
2π
X
k∈Z
e
iθk ρk .
9All moments (other than that with k = 0) are restricted to be O(1/N) due
to planar equivalence in the low-temperature phase,
ρk =
￿
Tr
N
U
k
￿
=
1
N
N X
i=1
e
iaik →
Z
dθρ(θ)e
iθk ∼
1
N
, k  = 0. (18)
Consequently, in the N = ∞ limit, the eigenvalue distribution of the orien-
tifold theory is ﬂat,
ρ(θ) =
1
2π
. (19)
This implies, in particular , that under the action of a center group element,
U → U exp
￿
2πik
N
￿
, the eigenvalue distribution
ρ(θ) → ρ
￿
θ +
2πk
N
￿
= ρ(θ) (20)
remains invariant.
In line with our conclusion are recent calculations on S3 × S1 [22, 23]
(based on techniques developed in [24, 25]) showing that the vacuum of the
large-N orientifold theory in the conﬁning phase is characterized by the dis-
tribution (19) i.e. supports the ZN center symmetry rather than the naively
expected Z2. The authors of Refs. [23, 26] also reached the conclusion that
perturbative transitions which take place on S3 × S1 capture the nature of
the nonperturbative transition taking place in the semi-decompactiﬁcation
limit of R3 × S1, as probed in lattice simulations.
4 Manifestation of ZN at strong coupling
If the circumference of S1 is large enough, L > L∗, we are in the non-Abelian
conﬁnement regime both in SYM and orientifold theories.4 The signature of
the ZN center in SYM theory is the existence of the k-strings. The tensions
and thicknesses of the k-strings are class functions of the center group ZN.
The planar equivalence implies that the orienti-AS theory must have the very
4The value of L∗ will be discussed in Sect. 5. Since neither parent nor daughter theories
have massless states in the limit L → ∞, where we recover R4 geometry, the limit must
be smooth.
10same k-strings despite the presence of the dynamical fermions charged under
the center group. Below we discuss how this arises.
The simplest SYM string is a (chromoelectric) ﬂux tube that connects
heavy (probe) color sources in the fundamental representation. Usually it
is referred to as the fundamental string. The ﬂux tubes attached to color
sources in higher representations of SU(N) are known as k-strings, where
k denotes the n-ality of the color representation under consideration. The
n-ality of the representation with ℓ upper and m lower indices (i.e. ℓ funda-
mental and m antifundamental) is deﬁned as
k = |ℓ − m|. (21)
It is clear that for stable strings the maximal value of k = [N/2] where [ ]
denotes the integer part. The stability of these [N/2] varieties of strings is
a question of energetics. For Tk ≤ kT1 which is the observation in lattice
studies and certain supersymmetric theories, all k strings are stable [27, 28].
On the other hand, in the orientifold-AS theory at ﬁnite N (with N even)
the only stable k-string is the fundamental one. If N is odd, there are no
stable k-strings at all, as in QCD with fundamental matter [29]. This is due
to the fact that probe charges with even n-alities can be completely screened
by two-index antisymmetric quarks, while those with odd n-alities can be
screened down up to a single fundamental index (if N is even) or completely
(if N is odd). A similar screening takes place in the orientifold-S theory with
the quark ψ[ij] replaced by ψ{ij}.
However, at N → ∞ the breaking amplitude of a color singlet into two
is 1/N suppressed. Note that the same breaking amplitude in large-N QCD
with fundamental fermions dies oﬀ as 1/
√
N. Consequently, in the limit
N → ∞ all k strings become stable against breaking, and identical to those
of the SYM theory. The k-sting tension, in leading order in N, is Tk = kT1,
where T1 is the tension of the fundamental string, and is marginally stable.
Let Wk(C) denote a large Wilson loop in a representation with n-ality k,
with C being the boundary of a surface Σ. The expectation values of such
Wilson operators in orienti-AS with odd N is given by the formula
 Wk(C) AS = e
−TkA(Σ) +
1
N
e
−µkP(C) (22)
where Tk is the string tension, A(Σ) denotes the area of the surface spanned
by the loop C, and P(C) its perimeter (see Sect. 10 of [30]). This formula
11captures two asymptotic regimes and exhibits noncommutativity of the long-
distance and large-N limits, a general and quite obvious feature,
lim
R→∞
lim
N→∞
￿
log Wk(C) AS
R
￿
 = lim
N→∞
lim
R→∞
￿
log Wk(C) AS
R
￿
. (23)
At any ﬁnite N, at asymptotically large distances, the perimeter law domi-
nates, and the potential asymptotes to a constant, i.e,
lim
R→∞
V (R) = const.
In this regime, inﬁnite separation of probe color charges costs only a ﬁnite
energy. However, if we take the large-N limit ﬁrst, linear conﬁnement holds
at large distances, i.e,
lim
R→∞
V (R) = TkR.
Planar equivalence, which implies taking the limit N → ∞ ﬁrst, guarantees
equality of the string tensions in N = ∞ SYM theory and orienti-AS,
T
SYM
k = T
AS
k , for all k, N = ∞. (24)
We stress again that, unlike fundamental fermions which are quenched in
the large N limit, the two-index antisymmetric (symmetric) fermions are not
suppressed. The emergence of [N/2] varieties of chromoelectric ﬂux tubes is
associated with the suppression of quantum ﬂuctuations in the large-N limit.
This is a nontrivial dynamical eﬀect.
5 Strong vs. weak coupling
SYM theory is planar equivalent to the orientifold theories provided C (charge
conjugation) invariance is not spontaneously broken [31, 32]. So far we dis-
cussed the large-L limit, i.e. L ≫ Λ−1 where Λ is the dynamical scale param-
eter. In this limit both SYM theory and its non-supersymmetric daughters
are expected to conﬁne much in the same way as pure Yang–Mills on R4. We
will refer to this regime as non-Abelian conﬁnement.
On the other hand, if
L ≪ Λ
−1. (25)
12the gauge coupling is small at the compactiﬁcation scale. SYM theory with
periodic spin connection (which preserves supersymmetry) undergoes gauge
symmetry breaking at the high scale ∼ L−1. The running law of the four-
dimensional gauge coupling is changed at the scale where the gauge coupling
is still small, i.e. we are in the weak-coupling Higgs regime. In further
descent of the scale the corresponding evolution of the coupling constant is
determined by a three-dimensional theory.
In the fully Higgsed regime ai  = aj for all i,j = 1,...N. If one chooses
a generic set of all diﬀerent ai’s, SYM theory is maximally Higgsed; more
exactly, SU(N) gauge symmetry is broken down to the maximal Abelian
subgroup U(1)N−1. The gauge ﬁelds from the Cartan subalgebra (as well as
the fermions) remain massless in perturbation theory,5 (they will be referred
to as “photons”) while all other gauge ﬁelds acquire masses (they will be
referred to “W bosons”). For generic sets of ai there is no regular pattern
in the W boson masses. However, if the Higgsed theory is described by
ZN-symmetric expectation values of the diagonal elements vk,
vk = e
2πik
N , k = 1,...,N, (26)
(or permutations), see Fig. 1, the pattern of the W boson masses is regular.
Figure 1: ZN symmetric vacuum ﬁelds vk. For deﬁnitions see Eq. (3).
N lightest W bosons (corresponding to simple roots and aﬃne root of SU(N))
5The nonperturbative mechanism which generates mass gap ∼ exp
n
− 8π
2
Ng2
o
is discussed
in Sect. 6 .
13are degenerate and have masses 2π
LN, while all others can be obtained as k 2π
LN
where k is an integer. Thus, there are ∼ N2 gauge bosons whose mass scales
as 1/L and ∼ N gauge bosons whose mass scales as 1/(LN).
In the Higgs regime one can consider two distinct sub-regimes. If
L < ∼ L∗ ≡
1
ΛN
, (27)
there exists a clear-cut separation between the scale of the lightest W-bosons
2π
LN and nonperturbatively induced photon masses ∼ exp
n
−
8π2
Ng2
o
, where g is
the gauge coupling in the four-dimensional Lagrangian (1) or (10). How the
nonperturbative photon mass is generated and why it leads to linear Abelian
conﬁnement is explained in Sect. 6. In this regime, the vast majority of W
bosons acquire masses that scale as N and, therefore, decouple in the large-
N limit. Thus, below the scale L−1
∗ we deal with three-dimensional Abelian
theory at weak coupling. In this theory Abelian conﬁnement sets in due to
a generalization of the Polyakov mechanism. If the vacuum ﬁeld is chosen
according to (26) the Polyakov order parameter vanishes. We are in the ZN-
symmetric regime, much in the same way as in non-Abelian conﬁnement at
L > Λ−1. Note that Eq. (26) implies that
{akL} = −
2π[N/2]
N
, −
2π([N/2] − 1)
N
,....,
2π[N/2]
N
, (28)
where [A] stands for the integer part of A.
On the other hand, if we increase L, starting from L∗ and eventually
approaching Λ−1, the masses of “typical” W bosons become of order Λ (the
number of such typical W bosons ∼ N2), while the masses of “light” W
bosons scale as Λ/N (the number of light W bosons ∼ N1). In this case the
eﬀective low-energy description of the theory at N → ∞ must include light
W’s along with the exponentially light photons. The expectation value of
the Polyakov loop still vanishes.
This suggests that the L dependence (in one ﬂavor theories) of all physical
quantities is smooth across the board: from L < ∼ L∗ to L ≫ Λ−1. Rather than
a phase transition there may be a crossover. Theoretical considerations at
the moment do not allow us to prove or disprove the above conjecture.
The general features of the L behavior are expected to be similar to
those of the   evolution of the Seiberg–Witten solution of N = 2 Yang–Mills
14[33]. (Here   is the N = 2 breaking parameter in Ref.[33].) If | | is small,
the Seiberg–Witten solution applies exhibiting Abelian conﬁnement. As | |
evolves to larger values, eventually becoming ≫ Λ, non-Abelian conﬁnement
is expected to set in. Since   is a holomorphic parameter one does not
expect to have a phase transition on the way; the   evolution is expected to
be smooth.
The nature of the transition between Abelian and non-Abelian conﬁne-
ment a good question for lattice studies. In terms of the expectation value
of the Polyakov loop,  TrU  = 0 in all regimes. However, at small L , this
is due to the fact that the eigenvalues of the Polyakov line are, at zeroth or-
der, frozen at the roots of unity as in Fig. 1 (Higgsing), and ﬂuctuations are
negligibly small. At large L, these eigenvalues are strongly coupled and ran-
domized over the [0,2π) interval. Consequently, there is no gauge symmetry
breaking (non-Abelian conﬁnement).
The set of ﬁelds in Eq. (28) is automatically invariant under the C
transformation. Therefore, planar equivalence between SYM and orientifold
theories must hold both in the Higgs regime, and at strong coupling where
C invariance was argued to hold too [32, 6].
We would like to stress that the set of ﬁelds in Eq. (28) should be consid-
ered, for the time being, as a ﬁxed background ﬁeld conﬁguration. Generally
speaking, it does not minimize the energy functional. For instance, in the
thermal compactiﬁcation this ﬁeld conﬁguration realizes the maximum of the
eﬀective potential, rather than the minimum. To get the set of ﬁelds Eq. (28)
as a vacuum conﬁguration (i.e. that minimizing the eﬀective potential) we
have to change the pattern of compactiﬁcation (e.g. S3 × S1) or introduce a
deformation of the theory through addition of source terms or both. What
is important for us here is that this is doable and it is perfectly reasonable
to quantize the theory in the ZN invariant background (28) which realizes
maximal Higgsing.
Then, it is instructive to illustrate how planar equivalence between SYM
and orientifold theories works in this regime by examining the one-loop ex-
ample. Given the background ﬁelds (4) the eﬀective potential for the SYM
theory is
Veﬀ =
1
24π2
n N X
i,j=1
[ai−aj]
2 (2π − [ai−aj])
2 −
8
15
π
4N
15− 2
N X
i<j=1
[ai−aj]
2 (2π − [ai−aj])
2
o
, (29)
where everything is measured in the units of L. The eﬀective potential for
the orientifold-AS theory (see Appendix)
Veﬀ =
1
24π2
n N X
i,j=1
[ai−aj]
2 (2π − [ai−aj])
2 −
8
15
π
4N
− 2
N X
i<j=1
[ai+aj]
2 (2π − [ai+aj])
2
o
, (30)
For the ZN symmetric background (4) the expressions (29) and (30) are
identical up to terms suppressed by powers of 1/N.
6 Polyakov’s 3D conﬁnement
Long ago Polyakov considered three-dimensional SU(2) Georgi–Glashow mo-
del (a Yang-Mills adjoint Higgs system) in the Higgs regime [15]. In this
regime SU(2) is broken down to U(1), so that at low energies the theory
reduces to compact electrodynamics. The dual photon is a scalar ﬁeld σ of
the phase type (i.e. it is deﬁned on the interval [0,2π]):
Fµν =
g2
3
4π
εµνρ (∂
ρ σ) , (31)
where g2
3 is the three-dimensional gauge coupling with mass dimension [g2
3] =
+1. In perturbation theory the dual photon σ is massless. However, it
acquires a mass due to instantons (technically, the latter are identical to the
’t Hooft–Polyakov monopoles, after the substitution of one spatial dimension
by imaginary time). In the vacuum of the theory, one deals with a gas of
instantons interacting according to the Coulomb law. The dual photon mass
is due to the Debye screening. In fact, it is determined by the one-instanton
vertex,
mσ ∼ m
5/2
W g
−3
3 e
−S0/2 (32)
16where S0 is the one-instanton action,
S0 = 4π
mW
g2
3
, (33)
mW is the W boson mass. As a result, the low-energy theory is described by
a three-dimensional sine-Gordon model,
Lσ =
g2
3
32π2(∂µσ)
2 + c1m
5
Wg
−4
3 e
−S0 cosσ . (34)
where c1 is an undetermined prefactor. This model supports a domain line 6
(with σ ﬁeld vortices at the endpoints) which in 1+2 dimensions must be
interpreted as a string. Since the σ ﬁeld dualizes three-dimensional photon,
the σ ﬁeld vortices in fact represent electric probe charges in the original
formulation, connected by the electric ﬂux tubes which look like domain
lines in the dual formulation.
As well-known [34], addition of one (or more) Dirac fermions in the adjoint
representation eliminates the above Abelian conﬁnement in the Polyakov
model. This is due to the fact that the instanton-monopole acquires fermion
zero modes due to the Callias index theorem [35, 36]. Instanton-monopoles,
instead of generating mass for the the σ ﬁeld through the potential eiσ+e−iσ,
produce a vertex with compulsory fermion zero modes attached to it. For
one ﬂavor theory, this is given by
e
−S0(e
iσψψ + e
−iσ ¯ ψ ¯ ψ). (35)
The three-dimensional microscopic theory with an adjoint fermion possess
a non-anomalous U(1) fermion number symmetry. This U(1) invariance is
manifest in Eq. (35); it intertwines the fermion global rotation with a con-
tinuous shift symmetry for the dual photon,
ψ → e
iαψ, σ → σ − 2α. (36)
The continuous shift symmetry (unlike a discrete one) prohibits any mass
term (or potential) for the σ ﬁeld. As was shown in [34], the U(1) fermion
number is spontaneously broken, and the dual photon σ is the associated
Goldstone particle. Thus, the σ ﬁeld remains massless nonperturbatively,
6Similar to the axion domain wall.
17and linear conﬁnement does not occur. This is because domain lines become
inﬁnitely thick (inﬁnite range) in the absence of the dual photon mass. One
does need a non-vanishing dual photon mass to make the domain line thick-
ness of the order of m−1
σ . Only then, at distances ≫ m−1
σ linear conﬁnement
will set in.
As was noted in [37], this obstacle is circumvented if we consider a
three-dimensional model obtained as a low-energy reduction of the four-
dimensional model compactiﬁed on S1 × R3. The adjoint Weyl fermion in
four dimensions becomes an adjoint Dirac fermion in three dimensions. In
this case, there is no U(1) fermion number symmetry. There is an anomalous
U(1)A; because of the anomaly only a discrete subgroup of U(1)A is a valid
symmetry. For SYM, the anomaly free subgroup is Z2N,A. As stated earlier,
the discrete shift symmetry does not prohibit a mass term for the dual pho-
ton, hence it must be generated [37]. Whatever non-perturbative object is
responsible for the dual photon mass, it should have no fermionic zero mode
“attached.” Otherwise, it will generate vertices as in (35) which do not result
in the bosonic potential.
The microscopic origin of the mass term can be traced to the compact-
ness of the adjoint Higgs ﬁeld whenever we consider a theory on S1 × R3.
This is the feature which is absent in the Polyakov model [15] and its naive
fermionic extension [34]. When the adjoint Higgs ﬁeld is compact as in Fig.1,
in additional to N − 1 ’t Hooft-Polyakov monopole-instantons (whose exis-
tence is tied up to π1(S1)  = 0) there is one extra, which can be referred to
as the Kaluza–Klein (KK) monopole-instanton.7 Each of these monopoles
carries two zero modes, hence they cannot contribute to the bosonic poten-
tial. The bound state of the ’t Hooft–Polyakov monopole-instanton with
7The eigenvalues shown in Fig. 1 may be viewed as Euclidean D2-branes. N split branes
support a spontaneously broken U(1)N gauge theory, whose U(1) center of mass decouples,
and the resulting theory is U(1)N−1. The N − 1 BPS monopoles may be viewed as the
Euclidean D0 branes connecting eigenvalues (a1 → a2),(a2 → a3),...,(aN−1 → aN).
Clearly, we can also have a monopole which connects (aN → a1) which owes its existence
to the periodicity of the adjoint Higgs ﬁeld, or equivalently, to the fact that the underlying
theory is on S1 × R3. Usually it is called the KK monopole. The Euclidean D0 branes
with the opposite orientation, connecting (aj ← aj+1), j = 1,...N are the antimonopoles.
This viewpoint makes manifest the fact that the KK and ’t Hooft–Polyakov monopoles are
all on the same footing. The magnetic and topological charges of the monopoles connecting
(aj ↔ aj+1) is ±
￿
αj, 1
N
￿
where the direction of the arrow is correlated with the sign of
the charges.
18magnetic charge αi and anti-monopole with charge −αi+1 has no fermion
zero mode: in the sense of topological charge, it is indistinguishable from
the perturbative vacuum. Hence, such a bound state can contribute to the
bosonic potential. If we normalize the magnetic and topological charges of
the monopoles as ￿Z
F,
Z
F ˜ F
￿
=
￿
αi,
1
N
￿
, (37)
where αi stand for roots of the aﬃne Lie algebra, then the following bound
states are relevant: ￿
αi,
1
N
￿
+
￿
−αi+1, −
1
N
￿
= (αi − αi+1, 0). (38)
This pair is stable, as was shown in Ref. [37], where it is referred as a magnetic
bion. Thus, we can borrow Polyakov’s discussion of magnetic monopoles
and apply directly to these objects. The magnetic bions will induce a mass
term for the dual photons via the Debye screening, the essence Polyakov’s
mechanism.
In the SU(N) gauge theory on R3 × S1, which is Higgsed, SU(N) →
U(1)N−1, the bosonic part of the eﬀective low-energy Lagrangian is generated
by the pairs (38), and hence the potential is proportional to e−2S0, rather than
e−S0 in the Polyakov problem. If we introduce an (N −1)-component vector
σ,
σ ≡ (σ1,....,σN−1), (39)
representing N −1 dual photons of the U(1)N−1 theory, and αi (i = 1,...,N)
are the simple and aﬃne roots of the SU(N) Lie algebra, the bosonic part of
the eﬀective Lagrangian can be written as
L(σ1,....,σN−1) =
g2
3
32π2(∂µσ)
2 + cm
5
Wg
−4
3 e
−2S0
N X
i=1
cos(αi − αi+1)σ , (40)
where c is an undetermined coeﬃcient and g3 is the three-dimensional cou-
pling constant,
g
2
3 = g
2L
−1 . (41)
We remind that αi (i = 1,...,N−1) represent the magnetic charges of (N−1)
types of the ’t Hooft-Polyakov monopoles while the aﬃne root
αN = −
N−1 X
i=1
αi (42)
19is the magnetic charge of the KK monopole. Note that the conﬁgurations that
contribute to the eﬀective Lagrangian have magnetic charges αi − αi+1 and
vertices ei(αi−αi+1)σ, corresponding to a product of a monopole vertex eiαiσ
with charge αi, and antimonopole vertex e−iαi+1σ with charge −αi+1. We
used Eq. (28) to guarantee that the vacuum conﬁguration is ZN-symmetric,
hence the actions (fugacities) e−2S0 are all equal.
Equation (40) implies that non-vanishing masses are generated for all σ,
proportional to e−S0, albeit much smaller than the masses in the Polyakov
model in which they are ∼ e−S0/2. There are N − 1 distinct U(1)’s in this
model, corresponding to N − 1 distinct electric charges. These are the elec-
tric charges qi of all color components of a probe non-dynamical quark Qi
(i = 1,...,N) in the fundamental representation of SU(N).8 Correspondingly,
there are N − 1 types of Abelian strings (domain lines). Their tensions are
equal to each other and proportional to e−S0. Linear conﬁnement develops
at distances larger than eS0.
Needless to say, the physical spectrum in the Higgs/Abelian conﬁnement
regime is much richer than that in the non-Abelian conﬁnement regime. If
in the latter case only color-singlets act as asymptotic states, in the Abelian
conﬁnement regime all systems that have vanishing N − 1 electric charges
have ﬁnite mass and represent asymptotic states.
7 Thermal compactiﬁcation
As was already mentioned the requirement for planar equivalence to hold
is to have a vacuum with an unbroken C conjugation symmetry. In the
non-Abelian conﬁnement regime C parity is unbroken. In the Higgs regime
this depends on the choice of vk’s. The set (26) automatically guarantees C
parity. Now we abandon this choice and will focus on the case ak = 0, π
relevant to the thermal compactiﬁcation. The vacuum ﬁeld ak = 0 or ak = π
for all k is not ZN symmetric while, as we already know, the non-Abelian
conﬁnement regime is ZN-symmetric. Hence, we expect a phase transition
at a deconﬁnement temperature T∗.
When the temperature is high, namely T > T∗ (the deconﬁning phase),
the Polyakov loop expectation value in orienti-AS/S does not vanish; the
8qi are subject to the condition
PN
i=1 qi = 0.
20minimal energy states are C preserving vacua ak = 0 or ak = π for all k. If
we choose the same minima of the eﬀective potential in the high-temperature
phase of the SYM theory, planar equivalence will hold. Namely, the SYM
theory and orienti-AS/S will have the same Green functions, condensates,
spectra, etc. in the common sector.
Since all the eigenvalues of the Polyakov line coincide in the high temper-
ature phase, say at ak = 0 for all k, the high-temperature theory is not Hig-
gsed. The would-be W bosons remain massless. Its dynamics is that of the
non-Abelian theory, albeit three-dimensional rather than four-dimensional.
It is believed that the phase transition at T∗ separates the ZN symmetric
phase from that with broken ZN in pure Yang–Mills or SYM theory. The
orientifold theories seemed puzzling from this standpoint [7]. Now we un-
derstand that the phase transition at T∗ in orienti-AS/S is quite similar: it
separates the high-temperature phase with no ZN center symmetry (at best,
it is Z2 for even N which is spontaneously broken) from the low-temperature
phase with emergent unbroken ZN.
The physical observables in the common sector of SYM theory and orienti-
AS/S must coincide throughout the whole phase diagram, since charge con-
jugation symmetry is unbroken in neither phase of the theory. This implies,
in particular, the phase transition temperatures must coincide,
T
SYM
∗ = T
orienti-AS/S
∗ , N → ∞. (43)
The same applies to the Polyakov order parameter. At N = ∞,
￿
1
N
TrU
￿SYM,orienti-AS/S
=
￿
0, T < T∗
±1, T > T∗
(44)
where the sign double-valuedness corresponds to two possible vacuum ﬁelds,
ak = 0, ∀k or ak = π, ∀k. (In SYM theory these two minima correspond
to the ones invariant under the naive C, where the comparison is straight-
forward.) In other words, the notions of high and low temperatures, deﬁned
relatively the deconﬁnement transition temperature must coincide in the two
theories. Otherwise we would get an inconsistency among the common sector
observables. This gives us a nontrivial dynamical result, at ﬁnite N,
T
SYM
∗ = T
orienti-AS/S
∗
￿
1 + O
￿
1
N
￿￿
. (45)
This prediction of planar equivalence should be easily testable on lattices.
218 Conclusions
The strong coupling dynamics of non-supersymmetric vector-like gauge the-
ories, despite many eﬀorts over the years, remains elusive. Currently, the
nonperturbative large-N equivalences provide deep hints into the structure
of the vector-like gauge theories. One of the most profound examples of the
large-N equivalences is that between N = 1 SYM theory and its orientifold
daughters. The parent and daughter theories are clearly distinct, with diﬀer-
ent fundamental symmetries and dynamics. At the Lagrangian level, SYM
theory is supersymmetric and has ZN center symmetry, while orienti theories
are non-supersymmetric and have at most a Z2 center.
However, the large-N equivalence tells us that these theories become in-
distinguishable in their neutral sector in the large-N limit. More speciﬁcally,
it tells us that the physical Hilbert spaces of these two theories in the C-
even subsectors coincide, their conﬁnement-deconﬁnement temperatures are
identical, and the k-string tensions must match.
Apparently, all these observables are associated with certain symmetries
which are explicit in the parent theory, but not in the daughter ones. In the
large-N limit the correlators of the daughter theories carry benchmarks of
the custodial symmetries of its parent. We refer to such symmetries, which
are absent at the Lagrangian level but appear dynamically in the neutral cor-
relators, as to emergent symmetries. In orienti-AS, the ZN center symmetry
and supersymmetry (protecting the degeneracy of the bosonic spectrum) are
emergent symmetries in this sense.
At the level of the Schwinger–Dyson equations (or loop equations), the
equivalence is a consequence of the quantum ﬂuctuation suppression in the
large-N limit. The (suppressed) ﬂuctuations are well aware of distinctions in
the parent/daughter theories, which have no place in the leading large-N dy-
namics. This is true for orienti-AS/S, as well as for orbifold SU(N)×SU(N)
Yang–Mills with bifundamental quark (assuming unbroken Z2 interchange
symmetry). This is also valid for-one ﬂavor QCD with orthogonal and sym-
plectic gauge groups with AS/S representations fermions [39]. In our opinion,
attempts to understand such universal behavior (which is a natural conse-
quence of planar equivalence) may provides insights into the strongly coupled
regimes of QCD, and other strongly coupled system. This question is left for
the future work.
22Appendix: One-loop potentials
The one-loop eﬀective potentials for Polyakov lines in the case of SYM theory
and orienti-AS are
V
SYM
eﬀ [U] =
2
π2L4
∞ X
n=1
1
n4
￿
(−1 + an)|TrU
n|
2￿
V
A
eﬀ[U] =
2
π2L4
∞ X
n=1
1
n4
￿
−|TrU
n|
2 + an
￿
(TrUn)2 − TrU2n
2
+ c.c.
￿￿
(A.1)
where the ﬁrst terms are due to gauge boson (and ghosts), and second term
is due to fermions endowed with spin structure
an =
￿
(−1)n for S−
1 for S+ (A.2)
In the large N limit, the single trace term can be neglected since it is sup-
pressed by O(1/N) relative to the double trace terms. In terms of the simul-
taneous eigenstates of the C and center symmetry,
TrΩ
n
± = TrU
n ± Tr(U
∗)
n, CTrΩ± = ±TrΩ±, (A.3)
the potential takes the form
V
AS
eﬀ [Ω+,Ω−] =
2
π2L4
∞ X
n=1
1
4n4
￿
(−1 + an)|TrΩ
n
+|
2 + (−1 − an)|TrΩ
n
−|
2￿
.
(A.4)
The form of the one-loop potential in QCD(AS) is not surprising. The ﬁrst
class of terms |TrΩn
+|2 are the images of the |TrU|2. The second category are
the square of the twisted (non-neutral) C-odd operators, which are not the
image of any operator in the orienti-partner. They do, however, get induced
via a one loop Coleman–Weinberg analysis. Whether or not the twisted
operator TrΩ− acquires a vacuum expectation value and induces the sponta-
neous braking of charge conjugation is correlated with the spin structure S±
of fermions along the S1 circle. In thermal case (S+), despite the presence
23of such operators, C is unbroken at high temperature. In spatial compact-
iﬁcation (S−), C is broken at small S1. Regardless of spin structure, C is
preserved at large radius (either temporal or spatial) continuously connected
to R4.
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